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Abstract

Pattern generalization is indispensable to the development of algebraic
thinking; however, students in early and even in late middle school are
struggling in generalizing patterns. This study identifies the students’ perceived
factors that affect their performance in generalizing algebraic patterns and
describes how each factor affects their process of generalization. This study
used the qualitative descriptive design. The students were given open-ended
problems which require them to generalize patterns. Results show that the
factor which greatly influences the students’ performance was associated to the
structure of the task such as the size of the values and problem presentation.
The ability to derive algebraic symbol influences students’ thinking of getting
better result while lacking this ability despite their complete and accurate
solution leaves them the feeling of arriving at incorrect answer. With these
results, teachers should help students to structure and organize their informal
methods rather than focus on how to use mathematical formulas. Teachers
should expose them to pattern-based problem solving with considerations to
the elements that influences their performance.

Keywords: tactors, performance, algebraic pattern, generalization
Introduction
Patterns are regarded as important focus in the early stages of the

development of algebraic thinking. Algebraic thinking begins as soon as the
students notice consistent change and seek to describe it (QSA, 2005). In early
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and middle school students, pattern activities contribute to the development of
functional thinking (Souviney, 1994; Van De Walle, 2004; Warren & Cooper,
2000), in seeing relationships and making connections (Cathcart et al., 2003)
and improved competency in problem solving (Bassarear, 2008, Cathcart ez a/,
2003).

Pattern is considered as the heart and soul of mathematics because
Algebra, and indeed all of mathematics, is about generalizing patterns
(Liljedahl, 2004; Lee, 1996). According to Schoenfeld (1992), mathematics is
conceptualized as the “science of patterns”, an empirical discipline analogous
to the sciences due to its emphasis on pattern-seeking from the empirical
evidence. That is, studying patterns is closely related to many mathematical
content areas such as numbers, geometry, measurement and data (Fox, 2005).
One example in geometry involving measurement is to identify the largest
possible area that can be constructed given a perimeter. This can be discovered
by examining the pattern that comes from a series of constructions and
measurements. The pattern that clearly emerges is that as the number of sides
of the polygon increases, the polygon becomes “circular” and the area
increases. Eventually, it will lead to a conclusion that a circle yields the largest
area given a certain perimeter. Students are able to explore and widen their
thinking towards new ideas. This may stir up their curiosity to seek for more
patterns which no one had ever noticed. Acknowledging the role of pattern
generalization in improving functional and algebraic thinking, teachers may
incorporate pattern exercises in their algebra lessons with considerations to the
elements or factors that influence or contributes to the performance.

With the new educational reform adopted by the Philippines such as
the K-12, Patterns and Algebra is taught across grade levels starting from grade
1 to 10. This brought a greater emphasis on the importance of the content.
However, in a study on the analysis of secondary school students’ algebraic
thinking ability, it was found out that students struggle in generalizing patterns
(Nurhayati et al., 2017) which according to the same study the students get
poor result in the aspect of function and mathematical modeling. Students can
see patterns but they have problem in perceiving an algebraically useful pattern
(Lee, 1996). With this, teachers play significant role to direct students’ attention
to useful patterns underlying the wide variety of mathematical topics.

To address this issue, the following questions were addressed: (a) what
are the perceived factors affecting students’ performance in generalizing
algebraic patterns? and (b) how does each factor affect their process of
generalization? Understanding the factors that affects discovering patterns will
help teachers understand pupils’ work. Also, this will provide information on
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the possible ways to improve students’ generalizing performance and their
process of generalization. This study will guide teachers on how they will be
able to address the factors that lead students in recognizing meaningful
patterns.

Algebraic Patterns

There are two predominant types of algebraic patterns: repeating and
growing patterns. These two types of pattern are used to find generalizations
within the elements such as identifying the next term or filling up the missing
part.

Repeating pattern has a discernible unit of repetition that is a cyclical
structure generated by repeated smaller portion of the pattern called as the
“unit of repeat” (QSA, 2005; Threlfall, 1999). For example, ABABAB... can
be observed as repeating pattern with a unit of repeat of 2 which is “AB”. AB
continues and repeats in such order as the pattern expands. Repeating pattern
can also be in a form of but not limited to number pattern such as
122122122... or in terms of pictorial or geometric shapes such as Yo Ve Ve,
Varying some attributes of elements (such as size, color, orientation, etc.) while
keeping other attributes constant add complexity to a repeating pattern
(Threlfall, 1999). An example is ABCabABCabABCab. It has a unit of repeat
of 5 with varying attributes. These attributes add complexity to repeating
pattern which encourages keen observation and reasoning skills. Repeating
pattern observes regularity and sequencing. Young children can succeed in
generating or continuing repeating patterns using a procedural or rhythmic
approach (Zazkis & Liljedahl, 2002).

Although most patterning experiences for young learners will focus on
repeating patterns, they can also begin to visualize and talk about growing
patterns in early grades. Growing pattern on the other hand have discernible
units commonly called “terms” and each term in the pattern depends on the
previous term and its position in the pattern. When exploring growing pattern,
pupils have the opportunity to find relationship between elements of the
pattern and their position. For example ABCDBCDACDAB, the four letters
ABCD are continuously used, however the order of the letters changes
depending on the number of iteration. Number pattern like the sequence 3, 7,
11, 15 has a common difference of four and the succeeding number depends
on the previous number. Example of geometric or pictorial growing pattern is
shown below where the “L”” becomes larger as the number of beads increases.
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Generalizing Patterns

Mason (1996) describes “expressing generality” as one of the roots of,
and routes into, algebra. Generalization as described by Kaput involves
describing the relationships and examining the varying quantities that exist in a
particular situation. As students’ understandings develop, and they analyze and
interpret repeating and growing patterns, the focus shifts towards higher-order
thinking activities (QSA, 2005). One way is to give students the task to think
beyond what is seen in the patterns. This type of activity is regarded as
“reading across the grain” and in mathematical pattern it is associated with
generalizing patterns where students extend thinking and reasoning about the
pattern based on the linked elements or terms with their position. That is,
generalization is both “an object and a means of thinking and communicating”
(Dorfler, 1991).

Research Methods

This study used the qualitative descriptive research design. The goal of
qualitative descriptive study is to give a comprehensive summarization of
experienced events (Lambert & Lambert, 2012). This type of design provides
deep descriptive content from the participants’ perspective (Sandelowski,
2010). Therefore, this approach is suitable to identify the perceived factors
affecting students’ performance and describe how these factors affect their
process of generalization,

Five-item open ended problems were used in the study. Three of which
were already used in the study of Liljedahl (2004) and Nurhayati, Herman, &
Suhendra (2017), one from an internet source, and the other problem was
made by the researcher. In choosing and constructing the problems, one must
fit as either repeating or growing pattern. The problems undergone pilot
testing to Grade 10 students and showed acceptable result in the item analyses.
Thus, the same questions were used in the actual test except for the last
question with some revision. The pilot test was conducted to Grade 10 while
the final test was administered to Grades 11 and 12. It is because it is more
likely that Grades 11 and 12 can answer the problems given that the Grade 10
was able to.
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A total of eighteen senior high students from STEM classes served as
the participants. Convenient sampling technique was used to look for the
participants. The participants were asked to write their solutions and were
given 30 minutes to complete the test. After the test, two questions were asked
intended for each student to reflect on the answer(s) they feel sure is/are
correct or not and why he/she feels so. This was followed by a 10-minute
interview. The account as to how they express themselves were not limited to
English language. Some preferred English, others opted for Filipino and few
resorted to Bikol dialect. The interviews conducted were all audio recorded.

The answers and solutions for each question were compared. For
question la, the students’ papers were grouped into three: correct, incorrect
and blank. The solutions and interviews of the group of students who got
correct answer in la were reviewed and coded. This guided the researcher to
identify the factors that yield to correct answer. Likewise, students who got
incorrect or no answer provided reasons for not successfully obtaining the
correct process and answer in la. The same process was done with the rest of
the questions.

Aside from grouping the students based on their performance in each
questions, their performance to the types of questions were also compared.

Results and Discussion

The answers were marked as correct, incorrect or blank. Based form
the answers and reflections of the participants, the test seemed to be a power
test. All of them were able to get the first item correctly while only few get the
correct answer for the last item. Some of the items have sub-questions yielding
7 as the highest possible correct answers. The table below shows the result of
their performance in each item categorized as correct, incorrect or blank.

Table 1. Result of Students’ Performance per Item

Item Cortrect Incorrect Blank
la 18 0 0
1b 16 2 0
2 15 2 1
3a 14 2 2
3b 12 3 3
4 15 3 0

5 4 13 1
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The table implies that as the item number progresses, the performance
gets low. The first item seemed to be the easiest question obtaining 18 out of
18 correct answers. Question 3b got the highest number of blank answer and
solution. In the last item (5), only four got the correct answer while 13 of them
were incorrect and only one participant with no written answer and solution.

The following discussions focus on the factors affecting the students’
performance in the test items.

Near and Extreme Generalization

Question 1a and 1b have the same pattern principle. However, it can
be seen from the table that from 18 participants getting the correct answer in
1a, two of them fell out in 1b.

Problem 1:
“A bank has three lanes being served and customers are called alternately. 'The
lanes are called in sequence as ordinary transaction, senior citizen and account
opening. (a) Which lane wonld be served on the 11" call? (b) Which lane would be
served on the 110" call? How do you know?”

Almost all of them used counting strategy and some used division with
remainder. All of them considered 1a easy but were challenged in the next
question.

Two who got incorrect answers were able to identify the unit of repeat
and the process of identifying which lane would be called given the number.
Moreover, both of them recognized that a number divisible by 3 is on the
account opening or 3" lane; however, they committed error in identifying a
multiple of 3 nearest to 110. One of them considered 109 divisible by 3, thus in
his answer, 110™ is ordinary transaction. The other participant considered 112
as a multiple of 3, thus he counted backwards to locate 110 and found it as
ordinary transaction too. This indicates that they have not mastered divisibility
rules, a lesson given as eatly as in primary schooling, and this is quite alarming
knowing that they are already in their senior secondary years.

While most of them arrived at the correct answer, they experienced
difficulty in question 1b because the number is quite large for them.

“Kaya ko po masagutan and mahanap yung answer, ang problema lang yung
solution po. So narealize ko na pagbigger numbers baka hindi na
masagutan.”
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Q1la is an example of near generalization where only smaller value is
involved while extreme generalization involves larger number or terms in the
sequence like in Q1b. This type of generalization is time consuming for the
participants. On the other hand, posing a larger number extends their thinking
and exercises more their generalizing skills and this is what the students
missed.

Problem 2:
“Consider the sequence 1, 5, 9 ... Will 63 be in the sequence? Why or why not?”

The problem is a type of an arithmetic sequence with a common
difference of four. The participants immediately noticed this common
attribute. Some used the method of additive counting while others recall the
arithmetic sequence formula and incorporate in solving the problem. Most of
them considered the problem as a near generalization since they resorted to
recursive method.

Discrete and Arbitrary Number

Third problem:
Gardens (shaded region) are framed single row of tiles as illustrated below.

a)How many border tiles are required for a garden of length 187
b)  How many border tiles are required for a garden of length “n”?

In question number 3, the problem asked for the number of boarder
tiles given a certain garden length. Some was able to identify the constant
number of tiles on the left and right side of the garden and the variable on the
upper and lower side, thus generated a formula in 3a and 3b. Some made
tables and visual extensions of the given images.
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Figure 1. Some solutions in Q3a

More students were able to answer QQ3a given the length of 18. This
adds direction to their solution as to when will the tiles extend. Question 3b
looks for the number of boarder tiles for arbitrary length “%”. The student who
draws the extension had difficulty in expressing the number of boarder tiles in
terms of “#” and was left with no answer and solution. The one who made
tables was able to come up with an algebraic notation by considering the rows
at the top and bottom and the constant blocks on left and right sides.
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Figure 2. Student’s solution in (Q3a
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Text Description and Visual Image

In a study of the difficulties in mathematical problem solving, students
have difficulty in reading and comprehension (Phonapichat, Wongwanich, &
Sujiva, 2013). Comprehension involves students’ showing an understanding of
specific terms and express the questions in their own words (Newman, 1983b).
According to Sepeng & Madzorera (2014), comprehension is associated with
insufficient grasp of vocabulary knowledge. If students failed in
comprehending a problem, more so in visualizing it.

Problem 5 posed several confusions to comprehension and
visualization. The problem was given as: “If you build a four-sided pyramid using
basketballs and do not count the bottom as a side, how many balls will there be in a pyramid
that has three layers?”

The confusions were seen when the participants committed
misconceptions on the following terms or phrases:

e pyramid
e layers versus sides
e “do not count the bottom as a side”

Tp M wewy wow oy

(o VNG, 30 She wade

oYY T Eals miy

e TR M T Vs
VAT e qa

7 LW
e W

Figure 3. Student’s illustrations of the four-sided pyramid

The figure above shows the illustration from one of the participants.
Considering the sides (for each triangle), it has three layers with increasing
number of balls going to the base, that is: one, two and three balls. However,
the balls at the edge were not combined to form an actual pyramid.

The participant fails to consider the three-dimensional attribute of a
pyramid and focused on the side-view of the pyramid.

ISSN 2094-5876 [E Educational Measurement and Evaluation Review (EMEReview), July 2019



40

Figure 4. Mlustration of the Pyramid’s Layer

One student explained his solution this way: “Since it is a four-sided
pyramid and the bottom is not counted, the answer would be 24 — 1 = 23, where 1 is
consider as the top.”

The pyramid in Figure 4 has four layers instead of three. He was
confused with the statement “do not count the bottom as a side”. He thought
that when the bottom is excluded, the statement will be satisfied. Nonetheless,
his goal was not reached by omitting the bottom side because the balls at the
bottom were not actually subtracted. To his explanation, it was the top that he
omitted. Subtracting the top ball will result to a truncated pyramid, different
from the given problem. The non-included side in the problem was the base of
the pyramid which most of them did not realize.

Only three got the correct answer in the 50 problem. In their solution,
they considered each layer and make sure that the edge would have four sides
then add the balls. This strategy worked. They were able to come up with a
formula to determine the number of balls in each layer.
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While the 5" problem required the participants to visualize, the 3™
problem provided an image of the problem with least words to describe it.
Comparing the result, students performed better in the third problem. One
student noticed the illustration.

“It was easy creating the formula with pictures to explain it.”

“Number 5 is hard for me to interpret.”

“T'm not sure with number 5 becanse 1 did not understand the problem
and I don’t know how to solve it.”

“Number 3 and 5 are hard for me to comprebend.”

Tension between Algebraic Thinking and Algebraic Notation

Students who were able to recall the formula of arithmetic sequence
were able to easily solve the problem. One participant transforms the words
and images into numerical form and opted to solve using algebraic notation.
He has unique solutions for problems 1a, 1b, 4 and 5. According to him he
attends Saturday Math class and this helped him familiarize algebraic problems.
When asked why he chose to solve using algebraic notation:

“Madali lang naman mageount pero sa MGT (Mathematics Teachers Guild)
kailangan saamin may proper solution... kasi kahit madali lang dapat ang solution maayos
parin.”

Unable to recognize the formula and resort to other ways of getting the
pattern made some participants doubt.

“Hindi ko po alam ang formula, nakalinutan ko po. Alam ko po kung paano
sagutan kaso di ko po masyado maexplain, baka po mali.”

These types of behaviors are evidences of the tension between
algebraic thinking and algebraic symbolism. In a study of generalization of
patterns of pre-service teachers (Zazkis & Liljedahl, 2002), solutions that are
complete and accurate but did not involve algebraic symbolism are perceived
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as inadequate, worse wrong. This has been the reason for the continuous
criticism in algebra due to the “rushing from words to single letter symbols”
(Mason, 1996). According to the conclusion of Radford (2000), students are
already thinking algebraically when they were dealing with the production of a
written message even though they are not using the standard algorithm symbol.
Therefore, neither the presence of algebraic notation should be taken as an
indicator of algebraic thinking, nor the lack of algebraic notation should be
judged as an inability to think algebraically. The second student has lost his
chance of expressing his generalization and thus affected his performance in
the item. Like most of the students, he did not answer the last item. This might
or has been happening in a math classroom. This kind of tension has clearly
affected one’s performance.

Conclusion

The performance of the students varies in each pattern-based problem
and perceived factors emerged affecting their performance in generalizing
patterns. These are near and extreme generalization; discrete and arbitrary
number; text description and visual image; and tension between algebraic
thinking and algebraic notation. Students performed well when given small
range of pattern extension and experienced difficulty with extreme values. The
task of generalizing a pattern for arbitrary number has likewise posed
challenges to them. Illustrations and visual representations are more helpful
than text descriptions of the pattern due to the complex task of
comprehending and visualizing. Lastly, students who were not able to express
their thoughts symbolically leaves them with a feeling of inadequacy at not
meeting the expectation then opted not to answer some of the problems,
thereby negatively affect his performance.

Implication

Students have different levels of perceptual and generalizing ability,
thus these emerging factors are hoped to turn teachers’ pedagogy and teaching
strategies in teaching algebraic patterns such as exposure in applying the rules
to larger values, provide exercises in visualizing pattern problems and
introduce strategies to translate their solutions into mathematical symbols.
Teachers should help students to structure and organize their informal
methods rather than focus on memorizing and applying the formulas. The
study does not imply of resorting to practices that makes generalization easy
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for learners, but to give new ways to new researches and classroom practices to
strengthen their weak spots. Also, in the early stage of algebraic thinking, this
study suggests the use of facilitating tasks such as smaller scale of repetition,
use of visual images and encourages the possibility of mindless symbol
manipulation to focus on pattern structure rather than computational
manipulation.
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APPENDIX 1
The Instrument

This problem set consists of five-item pattern-based problem solving
questions intended to determine the factors affecting your performance in
generalizing algebraic patterns. Your scores will not be graded nor put into public.
Moreover, your identity and responses will be kept strictly confidential and will be
used for research purposes only. Enjoy answering!

Name (optional):
Grade Level & Strand:

School: Time
started: Time finished:

Instruction: Kindly ENCIRCLE your final answer and write your solution for each
item.

1. A bank has three lanes being served and customers are called alternately. The
lanes are called in sequence as ordinary transactions, senior citizens and
account opening.

a) Which lane would be served on the 11" call?
SOLUTION:

b) Which lane would be served on the 110" call? How do you know?

SOLUTION:

2. Consider the sequence 1, 5, 9 ... Will 63 be in the sequence? Why or why not?

SOLUTION:
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3. Gardens are framed single row of tiles as illustrated below.

Problems Type of Pattern Source

¢) How many border tiles are required for a garden of length 18?

SOLUTION:

d) How many border tiles are required for a garden of length “n”?

SOLUTION:

4. Aoy train has 100 cars. The first car is red, the second is blue, the third is
yellow, the fourth is red, the fifth is blue, the sixth is yellow, and so on. What
is the number of the last blue car?

SOLUTION:

5. If you build a four-sided pyramid using basketballs and do not count the
bottom as a side, how many balls will there be in a pyramid that has three
layers?

SOLUTION:

---Thank You! © ---
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1. A bank has three lanes being served
and customers are called alternately.
The lanes are called in sequence as
ordinary transactions, senior citizens
and account opening.
¢) Which lane would be served on the 11" Researcher-
call? made
d) Which lane would be served on the )
110" call? How do you know? a) Repeating
Pattern
b) Growing
Pattern
2. Consider the sequence 1, 5,9 ... Will
63 be in the sequence? Why or why
not? Growing Pattern Peter Liljedahl
(2004)
3. Gardens (shaded region) are framed
single row of tiles as illustrated below.
Nurhayati D.
e) How many border tiles are required for M.,THe;Lman
a garden of length 18? SuheHdra S
f) How many border tiles are required for (2017) '
a garden of length “n”? '
a) Repeating
Pattern
b) Growing
Pattern
4. Atoy train has 100 cars. The first car is

red, the second is blue, the third is
yellow, the fourth is red, the fifth is

Growing Pattern
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blue, the sixth is yellow, and so on.
What is the number of the last blue car?

Peter Liljedahl
(2004)

5. If you build a four-sided pyramid using
basketballs and don’t count the bottom
as a side, how many balls will there be

in a pyramid that has three layers? Growing Pattern

from internet
source
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